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FORMULAS AND THEOREMS FOR REFERENCE

L Trigonometric Formulas

1. gin2 8 +cos’f =1
2. 1+tan’0=sec’0
3. | 1+cot’0=csc’0
4. sin(—0) = —sin b
5. cos(—8) = cos @
6. tan(—6) = —tan 8.
T sin(A+B)=sinAcosB+sinBcoaA
8. sin(A-B):sinAcosB—sinBcosA
9. cos(A+B)=cosAcosB—sinAsinB
10. cos(A—B):cosAcoB+sinAsinB
11. sin20=2sin0cosﬂ
12. cos20=cos=a—sin=9=2cos‘*a—1=1-2sin"a

sin 1
13. tanf= ~ =—7
14. i g

sin tan @

1
15. secl = m

1
16. cscl= >3

*
17. -~ cos (_-5—0) = sinf
T

18. sm(-i—ﬂ) = cos @
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10.

11.

12.

13.

14.

15.

II. Differentiation Formulas

d i gn il
-‘-&-(2 )-—n:

d
E(Is)= fo'+9f

d (g’_) _9f' - fo'
dz g Zi 92

2 1 (=) = F(o(2)e'(2)
%(sin g) = cosz

d .
E(cos z)=—sinz

d
-&;(ta.n z)=sec’z

2

%(cot )= -—csc’z

%(sec z) =secztanz

-::(cscx) = —csczcotz
e = o

d

E(a’) =a*lna V%

d 1 '
E(lnz) - e

T:;( Arcsin z) = s/l_i?' :
d(Arctan z) =

dz T 1422

b, d

: J;(%Sax\: f‘\:—"‘{-—

VAR ARG

Con Y
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III. Integration Formulas

j jadz:az+C
9 < =n+1 C
3. /%a=1n|=|+c
4. /e’dz:e’+C
z n’ C
5. /a dz=-l—;;+
6. jln:dz::lnz—z+c
7 jsin:'d==—cosz+c
8. jcoszdz:sinz+0
9. /tmzdz:lnlseczl-i-c or —In|cosz|+C
W /cotzds=1n|sinzl+c
11. Ajseczdz=1n|sec:+tanz|+c
2 /csczdz=ln|csc:—cot:|+c
13. ]aec’:d::ta.n:+C A
14. fsec:tanzdz:secz+0
15. jm’zdz=-cot=+c
16. .fcsczwt:d==—cscz+c
7. jtm’zdx:ta.nz—z+0
dz 1'!"4!\' z
18. ja3+zz —;Arctan (-)+C
19. & = Arcsin (E) +C
g -z 1]
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IV. Formulas and Theorems

1. A function y = f(z) is continuous at z =a if i) f(a) exists, ii) li_rp‘f(z) exists, and
iii) PE‘L = f(a)_

2. Even and Odd Functions
1. A function y = f(z) is even if f(-2)= f(z) for every z in the function’s domain.

Every even function is symmetric about the y-axis.
2. A function y = f(z) is odd if f(-z) = —f(z) for every z in the function’s domain.

Every odd function is symmetric about the origin.
3. Periodicity
A function f(z) is periodic with period p (p > 0) if f(z + p) = f(z) for every

value of z. .
Note: The period of the function y = Asin(Bz +C) or y= Acos(Bz + C) is l%;—l
The amplitude is |A|. (The period of y = tanz is 7).

4. Intermediate - Value Theorem
A function y = f(z) that is continuous on a closed interval [a,b] takes on every value

between f(a) and f(b).
Note: If f is continuous on [a,b) and f(a) and f(b) differ in sign, then the equation
f(z) = 0 has at least one solution in the open interval (a,b).

5. Limits of Rational Functions as z — £oo

i) li w‘fg ;_0 if the degree of f(z) < the degree of g(2)
z? — 22 0

—
—

Example: :li.mw =713

ii) :llv’d':lun -5((—:;- is infinite if the degree of f(z) > the degree of g(z)

Example: Lim £-+—2=- =700

z—to0 22 =8

iii) s.l_l.*w %%—; is finite if the degree of f(z) = the degree of g(z)

Note: The limit will be the ratio of the leading coefficient of f(z) to g(z).
-3z4+2 _ _2

—00 10:: - 522 5

Exa.mp]e h
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6. Horizontal and Vertical Asymptotes
1. Aliney=bisa horizontal asymptote of the graphof y = f (z) if either

’]mef(z) =bor zﬁ!ilmf(z) = b

2. A line z = a is a vertical asymptote of the graph of y = f(z) if either
lim f(z) = o0 or lim = *oo.

T—0 =g~

7. Average and Instantaneous Rate of Change

i) Average Rate of Change: K (zq,y,) and (2,,9,) are points on the graph of y = f(z),
thzv\'lia average rate of change of ¥ with respect to z over the interval [z,,2,) is
) _

fe) = f(30) _ Ve Yo =
...zo :l—zo' w

ii) Instantaneous Rate of Change: If (o, o) is a point on the graph of y = f(z), then
the instantaneous rate of change of y with respect to z at zo is f'(z0)-

8. f’(=)=,]‘iﬂf(z+hg_f(£)

9. The Number e as a limit

1\*
i) lim (1 - —) = e
n—+00 n

if) Im (1+ n)t=e

10. Rolle’s Theorem
If f is continuous on [a,b] and differentiable on (a,b) such that f(a)= f(b), then there

is at least one number c in the open interval (a,b) such that f'(e)=0.

11. Mean Value Theorem
If f is continuous on [g, 5] and differentiable on (a,b), then there is at least one number

f(bz : i(a‘) A3 f’(C).

¢ in (a,b) such that

- 12. Extreme-Value Theorem

If f is continuous on a closed interval [a, 8], then f(z) has both 2 maximim and a mini-

mum on [a, b].
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13.

14.

15.

16a.

16b.

17.

18.

To find the maximum and minimum values of a function y = f(z), locate
1. the points where f’(z) is zero or where f!(z) fails to exist
2. the end points, if any, on the domain of f(z).

Note: These are the only candidates for the value of z where f(z) may have

a maximum or a minimum.

Let f be differentiable for a < z < b and continuous for a < z < b.
1. X f(z) > 0 for every z in (a,b), then f is increasing on [a,b].
2. i f'(z) < 0 for every z in (a,b), then f is decreasing on [a, b].

Suppose that f"(z) exists on the interval (a,b).

1. If f"(z) > 0 in (a,b), then [ is concave upward in (a,b).

2. ¥ f"(z) <0 in (a,b), then f is concave downward in (a,b).
To locate the points of inflection of y = f(z), find the points where f"(z) = 0 or where
f"(z) fails to exist. These are the only candidates where f(z) may have a point of inflection.

Then test these points to make sure that f"(z) < 0 on one side and f"(z) > 0 on the other.

If a function is differentiable at a point z = a, it is continuous at that point. The converse

is false, i.e. continuity does not imply differentiability.

Linear Approximation

The linear approximation to f(z) near z = z, is given by y = f(z,)+ f'(zo)(z — z4) for

z sufficiently close to z,.

Newton’s Method

Let f bea differentiable function and suppose r is a real zero of f. If z, is an approx-
f(zn)

imation to r, then the next approximation z,4; is given by Zn41 = Zp = iz
n

provided f/(z,) # 0. Successive approximations can be found using this method.

L'Hépital’s Rule

If lim L(::_) is of the form 2 or 3. and if lim f(z) exists, then lim M = lim £-(=—)
=—a g(z) 0 o —a g'(z s=a g(z) ==ag'(z)
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iQ. Inverse Functions

1. If f and g are two functions such that f(g(z)) = z for every z in the domain of g,
and, g(f(z)) = z, for every z in the domain of f, then, f and g are inverse func-

tions of each other.

9. A function f has an inverse if and only if no horizontal line intersects its graph more
than once.
3. If f is either increasing or decreasing in an interval, then f has an inverse.

4. If f is differentiable at every point on an interval I, and f'(z) # Oon ], then
g = f(z)is differentiable at every point of the interior of the interval f(I) and

¢ (f(=) = f—(’-—)

~ 20. Properties of y = €7

1. The exponential function y = ¢® is the inverse function of y=Iaz.
2. The domain is the set of all real numbers, —00 < z < 0.

3. The range is the set of all positive numbers, y > 0.

4, -‘i- (c‘) = e~.

dz
5. €1 . % = N7,
6. y = e is continuous, increasing, and concave up for all z.

7. lim e =400 and lim e =0.
=00 I—=—00

8. = =z, for z > 0; In(e*) =z for all z.

21. Propertiesof y=1Inz

1. The domain of y=1Inz is the set of all positive numbers, z > 0.
2. The range of y = Inz is the set of all real numbers, —o00 < y < 0.
3. y = Inz is continuous and increasing everywhere on its domain.
4. In(ab) = lna +1nb.
5. In(a/b) =Ina—Inb.
6. na" =rlna.

& y=lnz<0if0<z<1.
8

lim lnz = +o0c and lim Inz = —o0.
z—0%*

) Tt 00
Inz
9. logaz = E—a.
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22. Trapezoidal Rule

If a function f is continuous on the closed interval [a,b] where [a,b] has been parti-

tioned into n subintervals [zo,Z1), [21,22), ...\ [£n-1,Zn), €ach of length (b — a)/n,

b 2 ;
then / f(z)dz = bzna [f(zo) +2f(z1) + 2f(z2) + -+ + 2f(zn-1) + f(Za)]

23.  Properties of the Definite Integral

Let f(z) and g(z) be continuous on |2, b).
b 6
i) / c-f(z)dz = c/ f(z) dz for any constant .c
ii) cf(::) dz=0
./c [ b
i) / f(z) dz = _/ f(z) d
bb c . b
iv)/ f(z) dz =/ f(z)dz+/ f(z) dz, where f is continuous on an interval con-
taining the numbers a, b, and ¢
v) If f(z) is an odd function, then » f(z)dz=0

-a

vi) If f(z) is an even function, then _c f(z)dz = 2'/: f(z)dz

vii) If f(z) 20 on [a,b], then fbf(z) dz >0

b b
Vi) T o(2) 2 (@) on [a,8) then | g(a) de 2 [ #a)es

24. Fundamental Theorem of Calculus:

b s
/ f(z) dz = F(b) - F(a), where F'(z) = f(z), or Ed; / z)de= f(=),

25. 1. If a particle moving along a straight line has a positive function z(t), then its instanta-

neous velocity v(t) = z'(t) and its acceleration a(t) = v'(t).
2. o(t) = / a(t) dt and (1) = j o(t) dt.

b
96. The average value of f(z) on [a,b] is '51—4 / f(z) dz.
i a
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97. If j and g are continuous functions such that f(z) > g(z) on [2.0], then the arex Leotween

i
the curves is / [£(z) - o(=)) dz-

28. Integration By “Parts”

Hu= f(z) and v = g(z)and if f(z) and g'(z) are continuous, then [udv = wv— [ v du.

Note: The goal of the procedure is to choose u and dv so that [ v du is easier to solve
than the original problem.
Suggestion:

" When “choosing” u, remember L.I. A.T.E,, where L is the logarithmic function, |
is an inverse trigonometric function, A is an algebraic function, T is a trigonometric
function, and E is the exponential function. Just choose u as the first expression
in L.I. A.T.E. (and dv will be the remaining part of the integrand). For example,
when integrating Jzlnz d:é, choose u = Inz, since L comes first in L.1. A.T.E,,
and dv = zdz. When integrating [ ze® dz, choose u = z, since z is an algebraic

" function, and A comes before EinL.LA.T.E.,and dv = €" dz. One more example,
when integrating [ z Arctanz dz, let u = Arctanz, since I comes before A in
L.1.AT.E. and dv = z dz.

29a. Volumes of Solids of Revolution

Let f be nonnegative and continuous on [a, b}, and let R be the region bounded above

by y = f(z), below by the z-axis, and the sides by the lines z = a and z = b.
" 1. When this region R is revolved about the z-axis, it generates 2 solid (having circular
b
cross sections) whose volume V = f x|f (:)]2 dz.
a

9. When R is revolved about the y-axis, it generates 2 solid whose volume V =
b
j 2xz f(z) dz.
a

29b. Volumes of Solids with Known Cross Sections

b
1. For cross sections of area A(z), taken perpendicular to the z-axis, volume = ] A(z) dz.

d
9. For cross sections of area A(y), taken perpendicular to the y-axis, volume = / A(y) dy.
c
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FORMULAS AND THEOREMS FOR REFERENCE

1. Trigonometric Formulas

- sin?f +cos?f =1
9.  1+tan?f=sec’?f
. 1.+cot’9=csc’0
4. sin(—0) = ~sin
5. cos(—8) = cos @
6. tan(-0) = —tané-
1 sin(A+B)=inAcosB+sinBcosA
8. sin(A-B)=sinAcosB—sinBcosA
9. cos(A+B)=cosAcosB-sinAsinB
10. cos(A-B)= cos A cos B + sin Asin B
11. sin26= 25in 6 cos @ |
12. cos 20 = cos? @ —sin® 8 =2cos’ 0 —1= 1-2sin’ 0
A TN

cos coté
14.  cotl= g.i_s_ﬂ_ - =

sin tan @
15. secl= -c-gls—é
16. .cscl= ;i%—ﬂ
17. e (:2--—0) = sinf
18. sm(‘-;--o) = cos
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II. Differentiation Formulas

d
2. FUa=Jsd'+of

- ()

% %f (9(2)) = £'(9(2))s'(=)

Fe
5. E(sxn z) = cosz
- :
6. -E(cosz) = —sinz
7 i(1’.a.|1 ) =sec’z
N dz e

2

d
8. -E(cot z)=-—csc’z

9. é(sec:) =secztanz

10 d( z)=-—csczcotz
g~

§t. T‘Ei-(é) =ef oy

12. j‘i-(f) =a"lna ‘¥

13. %(lnz):% . X

14. %(Arcsinz): ‘/11__:!

d 1
15. d_.":( Arctan z) = T

b, 4 i \
: Secx ) T
i VI Bl

e -

FORMULAS AND THEOREMS



II1. Integration Formulas

) 5 /adz=u+C
2 A e g s whs
. j: z_n+1+ y VT -
3. /%dz:ln|=|+0
4. /e’d==e’+c

2 a’ C
5. /a d.‘l:=-1-;;+
6. /ln:dzszlnz-z-l-c
; B jsinz'dz=—cosz+c
8. jcoa:d::sinz+0
9. jtmzdx:lnlseczl-{-Cor—lnlcoszHC
10.'jcotzd:=ln|sinzl+c
11. jseczdz=ln|secz+ta.nz|+c
12 jcsczdx:lnlcacz—cot:l-i-c
13. ]lec’z dr =tanz 4+ C oL AR R
14. fsecztanzd::sec:-{-c
15. /csc’::d:::—cotz+C
16. _/cuzcot::dx:—csc=+c
17, /ta.n’zd:::t.a:nz—z+C

-1

dz 1 'h-v\ z
18. / e —;Arcta.n (;)+C

dz e
19. /W—Arcsm(;)+c
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IV. Formulas and Theorems

A function y = f(z) is continuous at z =@ if i) f(a) exists, ii) li_gxnf(z) exists, and
I it |

Even n.nd Odd Functions
1. A function y = f(z) is even if f(~z) = f(z) for every z in the function’s domain.

Every even function is symmetric about the y-axis.
2. A function y = f(z) is odd if f(-z)=— f(z) for every z in the function’s domain.

Every odd function is symmetric about the origin.
Periodicity
A function f(z) is periodic with period p (p > 0) if f(z+ p)= f(z) for every

value of z. _
Note: The period of the function y = Asin(Bz+C) or y= Acos(Bz + C) is %;;I

The amplitude is |A|. (The period of y = tanz is ).

Intermediate - Value Theorem
A function y = f(z) that is continuous on a closed interval [a,b] takes on every value

between f(e) and f(b).
Note: If f is continuous on [a,b] and f(a) and f(b) differ in sign, then the equation
f(z) = 0 has at least one solution in the open interval (a,b).

Limits of Rational Functions as z — *o0

i) :__'_ m—ﬁ:; = 0 if the degree of fz(z) < the degree of g(z)
i R R
Example: :h-.ngo ¢ iy g 0

ii) ’li'!zw 5—((:-; is infinite if the degree of f(z) > the degree of g(z)

3
Example: Lim T 422 _ o

z—too T2 =8

s me s DRl =
iii) ‘_1.1‘11” ) is finite if the degree of f(z) = the degree of g(z)

Note: The limit will be the ratio of the leading coefficient of f(z) to g(z).

w3243 3
Examaple: sll_.mw i i
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8.

10.

11.

12,

Horizontal and Vertical Asymptotes
1. A line y = b is a horizontal asymptote of the graph of y = f(z) if either

Jim f(z)=bor zli.:_r_lw f(z) =0

2. A line z = ¢ is a vertical asymptote of the graph of y = f(z) if either

lim f(z) =00 or lim = Zoo.
z—at ;

=—-a"

Average and Instantaneous Rate of Change

i) Average Rate of Change: If (241¥,) 2nd (z,,9,) are points on the graph of y = f(z),
thzﬁlie’ average rate of change of y with respect to z over the interval [30"1] is
) :

flz,) - f(z) _ ¥a7 Yo =
A3/

X\'::o By =
ii) Instantaneous Rate of Change: If (Zo,%0) is 2 point on the graph of y = f(z), then
the instantaneous rate of change of ¥ with respect to = at zo is f'(zo0)-

f’(=)= Hf(z+h2- f(s)

The Number e as a limit

1 n
i) ‘11.1_1'_1“ (1 + ;) =e
ii) lim (14 n)t =e

Rolle’s Theorem _
If f is continuous on [a,b] and differentiable on (a,b) such that f(a) = f(b), then there

is at least one number ¢ in the open interval -(a,b) such that f'le)=0.

Mean Value Theorem

If f is continuous on [a, b) and differentiable on (a,b), then there is at least one number

f(b‘), : £(d) e f‘(C).

¢ in (a,b) such that

Extreme - Value Theorem

If f is continuous on a closed interval [a,b], then f(z) has both 2 maximim and 2 mini-

mum on [a, b].
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13:

14.

15.

16a.

16b.

17.

18.

To find the maximum and minimum values of a function y = f(z), locate
1. the points where f’(z) is zero or where f'(z) fails to exist
2. the end points, if any, on the domain of f(z).

Note: These are the only candidates for the value of z where f(z) may have

a maximum or a minimum.

Let f be differentiable for a<z < b and continuous for a < z < b.
1. If f'(z)> 0 for every z in (a,b), then f is increasing on [a,b].
2. i f'(z) < 0 for every z in (a,b), then f is decreasing on [a,d].

Suppose that f"(z) exists on the interval (a,b).

1. § f"(z) > 0 in (a,b), then [ is concave upward in (a,b).

2. ¥ f"(z) <0 in (a,b), then f is concave downward in (a,b).
To locate the points of inflection of y = f(z), find the points where f"(z) = 0 or where
f"(z) fails to exist. These are the only candidates where f(z) may have a point of inflection.

Then test these points to make sure that f”(z) < 0 on one side and f"(z) > 0 on the other.

If a function is differentiable at a point z = a, it is continuous at that point. The converse

is false, i.e. continuity does not imply differentiability.

Linear Approximation
The linear approximation to f(z) near z = z, is given by y = f(z,) + f'(zo)(z — z,) for

z sufficiently close to z,.

Newton’s Method

Let f bea differentiable function and suppose r is a real zero of f. If z, is an approx-
f(za)

imation to r, then the next approximation z,4; is given by Zn41 =z - Fiza)
Tn

provided f'(z,) # 0. Successive approximations can be found using this method.

L'Hopital’s Rule

 f(@). o R J@) _ . FE)
Hl’_‘f‘. s is of the form 5o =, and if 113:;,-(:—) exists, then 3’3;(-;)- = llﬂ =g
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19. Inverse Functions

1.

9. A function f has an inverse if and only if no horizontal line intersects

If f and g are two functions such that f(g(z)) = z for every Z in the domain of g,
and, g(f(x)) = z, for every z in the domain of f, then, f and g are inverse func-

tions of each other.

than once.

its graph more

3. If f is either increasing or decreasing in an interval, then f has an inverse.

4.

If f is differentiable at every point on an interval I, and f'(z) # 0 on I, then
g = f(z) is differentiable at every point of the interior of the interval f(I) and

9'(f(z)) = ?%:—)

20. Properties of y = €*

1.
2.
3.

8.

The exponential function y = % is the inverse function of y = Inz.

The domain is the set of all real numbers, —o0 < 2 < 0.

The range is the set of all positive numbers, ¥ > 0.
d

= (%) = €*.

e . eT? = c=:+=:|_

y = e® is continuous, increasing, and concave up for all =.
lim e = +o0c and lim e =0.
Tet00 I—=—00

= =z for z>0; In(e®) =z for all z.

21. Propertiesof y=Inz

1. The domain of y=Inz is the set of all positive numbers, z > 0.
2. The rangeof y=1Inz is the set of all real numbers, —00 <y < 0.
3. y = Inz is continuous and increasing everywhere on its domain.
4. In(ab) =lna+Inb.
5. In(a/b) = Ina - Inb.
6. na" =rlna.
% y=ln:<0i{0<:<1.
8. SETwlnz = +00 and xlix&lnz = —o00.
9. log,z = i{—:.
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99.  Trapezoidal Rule

If a function f is continuous on the closed interval [a,b) where [a,b] has been parti-
tioned into n subintervals [zo,Z1), [£1,Z2)s «+++ [Zn-1,Zn), €ach of length (b — a)/m,

b-a

then /:f(z)dzz o [f(xo)+2f(=:)+2f(=z)+...+2f(:n-1)+f(=n)]

23.  Properties of the Definite Integral

Let f(z) and g(z) be continuous on [a,b].
b

i) ]bc- f(z)dz = c/ f(z) dz for any constant .c
i) ‘f(z) dz=0

‘/l 3 b
m)jb f(z)dz = —'/c f(z)dz

b e b
iv)/ f(z) dz =/ f(z)da:-l-/ f(z) dz, where f is continuous on an interval con-
taining the numbers a, b, and ¢
v) If f(z) is an odd function, then ‘ f(z)dz=0
vi) If f(z) is an even function, then : f(z)dz = 2‘/'l J(z)dz
-0 0

b
vii) If f(z) >0 on [a,b], then / f(z)dz 20

b b
viii) If g(z) > f(z) on [a,b], then ./; g(z) dz 2> / J(z)dz

24. Fundamental Theorem of Calculus:

b F ]
[ 1621 dz = F®) - Fla), where F'(2) = S(a), or = | f(e)dz = 1(2).

25. 1. If a particle moving along a straight line has a positive function z(t), then its instanta-

neous velocity v(t) = z'(t) and its acceleration a(t) = v'(t).
2. o(1) = /a_(t) dt and :(t) = /v(_t) di.

b
26.  The average value of f(z) on [a,b] is 51_n / f(z) dz.
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97. If j and g are continuous functions such that f(z) > g(z) on [2.0], then the are2 Leotween

the curves is "/b[f(:r] - g(z)) dz.

98. Integration By “P arts”

Hu=f(z)andv= g(z)andif fi(z) and g'(z) are continuous, then [udv = wo— [ v du.

Note: The goal of the procedure is to choose u and dv so that Jvduis easier to solve

than the original problem.
Suggestion:

When “choosing” u, remember L.1.A.T.E., where L is the logarithmic function, 1

is an inverse trigonometric function, A is an algebraic function, Tis a trigonometric
function, and E is the exponential function. Just choose u as the first expression

in L.I.A.T.E. (and dv will be the remaining part of the integrand). For example,

when integrating [zlnz di, choose u = Inz, since L comes first in L. A.T.E,,

and dv = zdz. When integrating [ ze® dz, choose u = 2, since z is an algebraic
" function, and A comes before E in L.L A.T.E. and dv = €* dz. One more example,

when integrating [ z Arctanz dz, let v = Arctanz, since 1 comes before A in

L.1.A.T.E., and dv = z dz.

29a. Volumes of Solids of Revolution

Let f be nonnegative and continuous on [a,b], and let R be the region bounded above

by y = f(z), below by the z-axis, and the sides by the lines z =@ and z =b.

" 1. When this region R is revolved about the z-axis, it generates 2 solid (having circular

b
cross sections) whose volume V = j x| f(:)]! dz.
a

9. When R is revolved about the p-axis, it generates 2 solid whose volume V =

[: 2xz f(z) dz.

29b. Volumes of Solids with Known Cross Sections

1. For cross sections of area A(z), taken perpendicular to the z-axis, volume =

9. For cross sections of area A(y), taken perpendicular to the y-axis, volume =

/: A(z) dz.

jc  Ay) dy.
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